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It is shown that gluonic corrections to the tadpole diagrams vanish in the 2SC and CFL 
phases at the order where one might have expected NLO corrections. This implies that the 
gluonic part of the color charge density is negligible at the order of our computation. This 

, statement remains true after inclusion of the gluon vertex correction and contributions from 

' Nambu-Goldstone bosons. 
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I. INTRODUCTION 

o . 

It is well known that cold dense quark matter is a color superconductor T]. At asymptotic 
CNJ ■ densities, when the QCD coupling constant becomes small because of asymptotic freedom |2j, cal- 

culations from first principles, using the QCD Lagrangian, should be possible. In BCS theory 

OO 



the superconductivity gap is <Pbcs ~ ^exp(— c/G 2 ), but it turns out that this result is mod- 
ified in a color superconductor because of dynamical screening. Using renormalization group 
techniques, Son |3J showed that at leading order the color superconductivity gap is given by 
00 - b g- 5 nexp(-3Tr 2 /(V2g)). 

In nature color superconducting phases might exist in the interior of compact stars, if the 
density is sufficiently high. Depending on the chemical potential and the strange quark mass, 
different phases have been predicted, e.g. CFL Q, 2SC 0, CFL-K 0, g2SC 0, gCFL 0, LOFF 
0. Bulk matter in neutron stars has to be neutral with respect to color (and electric) charges. This 
neutrality condition plays an important role in the determination of the phase structure of cold 
dense quark matter. Most calculations at intermediate densities are based on NJL models, where 
color neutrality has to be imposed as an external condition f\ Ifj. ficl. Ull fl2| . In QCD, however, 
color neutrality is enforced automatically by the dynamics of the gluons |l3l . Ilil . . The gluon 
field acquires a non-vanishing expectation value, which acts as an effective chemical potential for 
the color charge 1 . This expectation value can be computed from the Yang-Mills equation 
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= 0, (1) 

A=A 



where T is the effective action, and A is the expectation value of the gluon field. On the other 
hand, A can be computed perturbatively from the tadpole diagram 0] 
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by attaching an external gluon propagator. In the 2SC phase one finds [lli ] 

2 



T a ~ -5 a8 -^g^i log ( ^ ) (3) 



* Electronic address: gerhold@hep.itp.tuwien.ac.at 

1 It has been speculated that a non-vanishing expectation value of the gluon field mig ht also be a possibility to cure 
the chromomagnetic instability of the gapless color superconducting phases |la.ll7|. 
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FIG. 1: Leading order tadpole diagram 




FIG. 2: Tadpole diagram with resummcd gluon propagator 

and 

A° a ~ -5 a8 V6ir 2 ^L. (4) 

This result comes from the leading order diagram (Fig. If!])), which corresponds to the quark part 
of the color charge density, 

Nf 

P? q ) = Y,tf Ta ^f- (5) 

/=1 



One might ask whether the gluons could also contribute to the charge density. In Ref. [ll|| it was 
argued that the gluonic contribution should vanish, since the gluonic part of the charge density 



P a W = r c AlF° (6) 

contains the chromoelectric field strength, which vanishes in any (super-)conducting system. The 
aim of section [H] of this paper is to corroborate this argument by analyzing the tadpole diagram 
with a gluon loop (Fig. ©). We will show that this diagram vanishes (within our approximations) 
in the 2SC phase. In Sees. IIIII and llVI we will show that this diagram still vanishes if one includes 
the gluon vertex correction and contributions from Nambu-Goldstone bosons. In Sec. |V|we will 
briefly discuss the CFL phase, which shows the same qualitative features in this respect. Sec. IVII 
contains our conclusions. 

II. GLUON SELF ENERGY AND GLUON LOOP TADPOLE (2SC) 

The Lagrangian of QCD is given by 

£qcd = A + £2, (7) 

A = h (»? + /^7o + 94 a T a ) V/, (8) 
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C 2 = -\F^ a + ±-{d»Alf - c a d»D* b c b . (9) 

For definiteness we have chosen a covariant gauge. The gluon self energy in the 2SC phase can be 
computed with the usual Nambu-Gor'kov ansatz for the quark propagator 0|. At high density 
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and zero temperature only the diagram with a quark loop contributes to the gluon self energy at 
leading order. Therefore the gluon self energy is gauge independent at this order. 

Let us consider the tadpole diagram in Fig. ©, where the rhombus indicates a resummed gluon 
propagator. In the 2SC phase the gluon self energy has off-diagonal components with respect to 
the color indices, therefore the diagram does not vanish a priori. The non-vanishing components 
of the gluon self energy in the 2SC phase are 
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In Ref. |lq] the gluon self energy is diagonalized by a unitary transformation in color space. For 
our purposes it is more convenient not to perform this transformation, since we want to keep 
the structure constants totally antisymmetric. For the 44 and 45 components of the self energy 
analytical results can be obtained rather easily, as we will demonstrate in the following. We shall 
always assume that the energy and the momentum of the gluon are much smaller than /i, because 
if there is any contribution to the tadpole diagrams, it will come from soft gluons 2 . In the notation 
of Ref. UM we have 
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d 3 k 



(2vr)3 ^ 
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x (ra°(l-n 2 ) + (l 



(1 + eie 2 ki • k 2 ) 
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Po 



e 2 + is 
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and 



2 y 



d 3 k 
(>]3 



ei,e2=± 

x (n?(l - n 2 ) - (1 - n\)n 2 ) 
Here we have used the notations of Ref. 1 
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and the superscript "0" means 



0. First let us evaluate Imll^. Without loss of generality 
we assume > 0. We observe that ImQ™ vanishes for p < <j) because of > and e 2 > 0. 
For po < fj, the only contribution arises from e\ = e 2 = +. With ki = k + p, k 2 = k, k • p = t, 

k 



k\ = \Jk 2 + p 1 + 2pt, ^ = k — fi we find 

'2 
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dt 1 + 



H + £ + pt 
Am 



5 [Po - \i + h - v 7 ^ 2 + <t> 2 



+ 



5[pq + fi-h- + 



(15) 



2 For po 3> 4> the gluon self energy is the same as in the normal phase. Since it is then proportional to S a i,, it gives 
no contribution to the tadpole diagram. Furthermore the typical gluon momenta relevant for the tadpole diagram 
would be of the order of the Debye or Meissner masses (or even smaller). 
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Because of the step function in the second line we have £ <C \i for po -C )U. Therefore it is sufficient 
to approximate with its value at the Fermi surface, which we denote with 0q. After performing 
the angular integration we obtain 
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ft 
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with k = -\/£ 2 + 0q. The £ integration is now straightforward, and we find 
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imn 



oo 

41 
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-e(p 



p 2 + C 



gV0| 

2vr(p 2 - p 2 ) 



1 + 



-60§p§(p§ - P 2 ) + Kvl - P 2 f + <Po(P 2 + ^Po) 



12p 2 (p 2 -p 2 ) 2 (17) 

This result is a generalization of the one-loop gluon self energy at zero temperature in the normal 
phase given in As in the normal phase, the leading part of the gluon self energy is of the 

order g 2 fj? (for po,p <C fJt)- In order to maintain consistency in the following, we shall keep only 
these leading terms, since contributions from lower powers of \i might mix with contributions from 
diagrams with a higher number of loops. Denoting this approximation with a tilde, we have 
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(18) 



p v p - - p * 

In the following we will refer to this analogon of the HDL approximation as the "leading order" 
approximation. Imll^ is an odd function of po, therefore the real part can be calculated with the 
following dispersion relation 3 jijj 

1 1 



Ren™(p 0) p) 
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uj+Po u - po 



(19) 



In contrast to the 11, 22, 33 and 88 components of the gluon self energy, the principal value integral 
can be performed analytically in this case, 
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(20) 



As a consistency check, we may extract the Debye mass in the normal and in the superconducting 
phase, 



lim lim lim HeH^l(po,p) 



p^Opo^O O ^O 



p^Opo— >0 Z7T Z 



(21) 
(22) 



3 In principle it is not sufficient to take only the part of Eq. 11 U where e\ = — + when computing the real 
part of the gluon self energy. However, as argued in [2o|| . for po,p <C n antiparticles (being always far from the 
"Fermi surface") only give a constant term in the transverse gluon self energy, and this constant is the same in 
the superconducting phase and in the normal phase (at leading order). 
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FIG. 3: Tadpole diagram with resummed gluon propagator and three- gluon vertex correction 



which are the standard results for Nj = 2 |l8{ |. The other Lorentz components of IT44 may be 
evaluated in a similar manner 

The off-diagonal components of the gluon self energy can be evaluated in an analogous way. In 
place of Eq. (jTo|) we find 

x-(^-(Po + 2C)(«-0). (23) 

which gives 



U^o+P 2 -Po) 
2vr(p2 _ p2 



Imn 00 = -9(po - \/p 2 + ^ Tu'" ayi™ ( 24 ) 



We observe that in this one- loop result there is a term which is linear in fx, but there is no term of 
order g 2 fj?. Therefore we have at our order of accuracy 

Imn 00 = 0. (25) 

In fact this can be seen rather directly from the (e\ = €2 = +)-component of Eq. (|12[): if we 
set d 3 k — > 2tt fj? d£,dt we find at the order g 2 /j, 2 that the integrand is odd with respect to £ — ► — £, 
t — > —t, and therefore the integral vanishes at this order. This argument also holds for the real 
part, Refl 00 = 0. In the same way it can be shown that ft 01 = and IF J = 0. 

This implies that the resummed gluon propagator is diagonal in the color indices at leading 
order. Since the three-gluon vertex is antisymmetric in the color indices at tree level, we conclude 
that the tadpole diagram of Fig. (J2J) vanishes at the order of our computation. This means that at 
this order the expectation value of the gluon field, Eq. Q, is not changed by the tadpole diagram 
in Fig. Therefore the effective chemical potential is determined completely by the quark part 
of the color charge density at the order of our computation, whereas the gluonic part is negligible 
at this order. 

We note that there is no contribution from the tadpole diagram with a ghost loop. The reason 
is that there is no direct coupling between quarks and ghosts in Cqqd, therefore the ghost self 
energy vanishes at the order g 2 fi 2 , and the ghost propagator is proportional to the unit matrix in 
color space at leading order. Furthermore we remark that in particular the gauge dependent part 
of the gluon propagator is diagonal in the color indices at leading order. Therefore the effective 
chemical potential is gauge independent at this order. 



III. GLUON VERTEX CORRECTION (2SC) 



We would like to check whether the above result is modified if one replaces the tree level gluon 
vertex with the one- loop vertex correction, as shown in Fig. (J3J). We remark that the tadpole 
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diagram in Fig. © corresponds to a higher order correction to the fermionic part of the charge 
density (Eq. ©)• Let us evaluate the one-loop three- gluon vertex of Fig. (0) in the limit where 
one of the gluon momenta approaches zero. One finds for instance 4 

^ (1 + eie 2 ki • k 2 ) 



r ooo 

1 485 



(PA-P) 



2^/3 
1 



(2nf 



ei,e2=± 



(po 



+ 



1 



+ 



ei - + ie) 
1 



[po + ei + e!] + ie) 2 



24>\ + 3£? - 3£ieisgn(6) 



p -e 1 -e^ + ie 



r882(p,o,-p) 



2y/3j (2vr) 



Po + ei + + ie 

2 , (l + eie 2 ki 



(26) 



ei,e2=± 



+ 



(Po - ei 



po + ei + e 2 + ie) 2 



-sgn(6)(2^ + 3e i 2 ) + 36ei 



1 



1 



sgn(6 



n n - i ■■> " (27) 

V R> - ei — eg -Me p + e\ + eg + ie J e{ 

where ki = k + p, k 2 = k and & = ej&i — fj,. The integrals can be evaluated in a similar way 
as in the previous section. It is easy to see that F^(P,0, —P) vanishes at the order g 3 /U 2 . In 



general 12 li 225 one finds that T*£(P,0,-P) 

is non-vanishing at the order g^ji 2 only for those 
combinations of color indices where f a b c is non-vanishing. In the previous section we have seen 
that the gluon propagator is diagonal in the color indices at leading order. Therefore the tadpole 
diagram in Fig. © also vanishes at this order. 



IV. MIXING WITH NAMBU-GOLDSTONE BOSONS (2SC) 

The symmetry breaking pattern of the 2SC phase is S77(3) c x U(T) B SU(2) x U(1)b 0- 
Therefore five massless Nambu-Goldstone (NG) bosons appear in this phase, which correspond to 
fluctuations of the diquark condensate. As shown in |23l. Eil. Ei| . one finds the following effective 
action for gluons,ghosts and NG bosons after integrating out the quarks, 

r = J <Px£ 2 + ^ TV log (S- 1 + 7m O") 

= J d 4 x£ 2 + ^Tr logS- 1 + ^Tr (S^W) - ^Tr (Sj^S^n") 

+^Tr (Sj^SjvWSjpW) + ..., (28) 
where £ 2 is given in Eq. Q, the quark propagator reads, in the notation of Ref. E 2 



_i ^_ \ -i 



[^o ] * 



and Qn is given by 



(29) 



o'V. ,/)- -/:( ^l x) _ { J )T{x) ]* l U-„). (•"><» 



4 The vertex correction is gauge independent at leading order, since only the diagram with a fermion loop (Fig. 
contributes at leading order. 
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Here uj^ is the (Lie algebra valued) Maurer-Cartan one-form introduced in [23fl. 

^ = V^(id» + gA»T a )V, (31) 

where 



V = exp 



(32) 



parametrizes the coset space SU(3) C x U(1)b/SU(2) x U(1)b [24j |. i? = (l + v / 3?8)/3 is a generator 
orthogonal to the one of U(1)b, and </? a are the NG bosons. We may expand w M in powers of the 
fields, 



1 



or 



d^sB + 



~V3 

-cfab8<Pbd fl tp8 + ■■■ 
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9 A a ~ Qil( Pa ~ gfabc^tfc ~ ^fabS^bfS ~ T^fabcVbd^&c ~ ^faSc'Psd^'fc 



(33) 



where <p a = (p a for a = 4, 5, 6, 7 and (p a = otherwise. 

Let us examine the various terms in the effective action (j28j) . First consider the term linear in f2, 
which contains the one- loop gluon tadpole 5 (Fig. (^Q)). In principle this term also gives contributions 
to higher n-point functions, since f2 contains arbitrarily high powers of ip. In particular, there is 
a contribution to the bosonic self energy, but this effect is negligible at leading order since the 
one- loop tadpole (Eq. ©) is only linear in [i. 

The term quadratic in contains the bosonic self energy. As in section 1 1 1 1 1 one finds that 
at leading order the self energy is diagonal in the color indices. There are mixed terms between 
gluons and NG bosons, which could be eliminated by choosing a suitable t'Hooft gauge j^H]. This 
is not necessary for our purposes, but we note that choosing this t'Hooft gauge would not alter 
our conclusion, since also in the t'Hooft gauge of Ref. |2j| the gluon, NG and ghost propagators 
are diagonal in the color indices at leading order. The gluon and NG propagators in the t'Hooft 
gauge are given explicitly in Eqs. (54) and (55) of Ref. [25j. At leading order the propagators (and 
in particular the gauge dependent parts of the propagators) are diagonal in the color indices also 
without the unitary transformation in color space that is employed in Ref. [25j | . 

The term quadratic in O also contains new types of three-boson vertices proportional to fabc 
which involve at least one NG boson. 

The term cubic in $7 is only non-vanishing at the order g 3 /J? for those color indices where 
fabc 0- I n this work we do not consider vertices with more than three legs, since these would 
appear only in two-loop tadpole diagrams. 

To summarize, we find at leading order as in the previous Section that the bosonic propagators 
are diagonal in the color indices, and that three-boson vertices of the type V^{P, 0, — P) are 
non-zero only for those combinations of color indices where f a b c ^ 0. We conclude that the tadpole 
diagram in Fig. (j^J) vanishes at the order of our computation, even if we take into account NG 
bosons. 



5 The (p-tadpole vanishes because the external external momentum of the tadpole diagram is zero. 
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V. SOME REMARKS ON THE CFL PHASE 

In the CFL phase the one-loop tadpole diagram in Fig. (^Q) vanishes if the strange quark mass 
is zero. For finite m s one finds for the tadpole diagram in Fig. JQ) 26] 

^ -^8^^(21 -81n2). (34) 

In the case m s = the situation for the diagrams in Figs. (|2" |) . ({5 ]) is similar as in the 2SC phase. 
In the CFL phase the one-loop gluon self energy is proportional to the unit matrix in color space 
[2?) | (as in the normal phase). Therefore the diagram in Fig. (j2J vanishes identically. For the gluon 
vertex correction the color structure is also similar to the normal phase. A straightforward (but 



somewhat lengthy) calculation [2l| shows that the three-gluon vertex correction T^(P,0, —P) 
contains a term proportional to f a b c and one proportional to d a b c , but only the first one is non- 
vanishing at the order Q S P? : The structure of effective action for gluons and NG bosons is similar 
to the 2SC phase EEaElEl- Thus we find that the tadpole diagrams in the CFL phase vanish 
at the order of our computation. 



VI. CONCLUSIONS 

In this paper we have shown that corrections to the gluon tadpole in the 2SC and in the CFL 
phases vanish at the order where one might have expected NLO corrections. This means that at 
the order of our computation the expectation value of the gluon field, Eq. (jlj). is not changed by 
the tadpole diagrams in Figs. © and (J3J). 

Several straightforward extensions of the present work are possible. For instance one could 
include photons, which we have neglected since e <C g. One could also compute the tadpole 
diagrams at finite temperature, and for other color superconducting phases. It would be more 
challenging, but certainly interesting, to go beyond the approximations of this work, and to compute 
higher order corrections to the tadpole. The fact that the gluonic contributions to the charge density 
are negligible at the order of our computation could perhaps also be viewed as a justification of 
NJL model calculations, where no gluons are present in the color charge density from the outset. 
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